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Abstract
It was shown that an infinite convergent sequence of improving non-increasing upper bounds
to the ground state energy of a slow-moving acoustical polaron can be obtained by means of
generalized variational method. The proposed approach is especially well-suited for massive
analytical and numerical computations of experimentally measurable properties of realistic po-
larons and can be elaborated even further, without major alterations, to allow for treatment of
various polaron-type models.
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1. The acoustical polaron model
A local change in the electronic state in a crystal leads to the excitation of crystal lattice
vibrations, i.e. the excitation of phonons. And vice versa, any local change in the state of
the lattice ions alters the local electronic state. This situation is commonly referred to as
an “electron–phonon interaction”. This interaction manifests itself even at the absolute zero
of temperature, and results in a number of specific microscopic and macroscopic phenomena
such as, for example, lattice polarization. When a conduction electron with band mass m
moves through the crystal, this state of polarization can move together with it. This combined
quantum state of the moving electron and the accompanying polarization may be considered as
a quasiparticle with its own particular characteristics, such as effective mass, total momentum,
energy, and maybe other quantum numbers describing the internal state of the quasiparticle in
the presence of an external magnetic field or in the case of a very strong lattice polarization that
causes self-localization of the electron in the polarization well with the appearance of discrete
energy levels. Such a quasiparticle is usually called a “polaron state” or simply a “polaron”.
The concept of the polaron was introduced first by L.D. Landau [1], followed by much more
detailed work by S.I. Pekar [2] who investigated the most essential properties of stationary
polaron in the limiting case of very intense electron-phonon interaction, in the so-called adiabatic
approximation. Subsequently, Landau and Pekar [3] investigated the self-energy and the effective
mass of the polaron for the adiabatic regime. Many other famous researchers have contributed
to the development of polaron theory later [4, 5, 6, 7, 8, 9, 10].
A quantized polaron model for the case of an electron interacting with longitudinal optical
phonons, widely known as the Fro¨hlich polaron model, was introduced by H. Fro¨hlich [6]. Since
then, a broad variety of polaron-like models has been devised on its basis to account for the
effects of the interaction of electrons with other various types of phonons in crystals. The model
under consideration is represented by the standard quantized acoustical polaron Hamiltonian
(1) H =
pˆ2
2m
+
∑
k
~ωkb
+
k
bk +
∑
k
V˜k
(
b+
k
e−ikrˆ + bke
ikrˆ
)
,
where ωk = sk is the frequency of the acoustical phonons with s being the velocity of sound,
V˜k =
(
4piα
V˜
)1/2
~
2
m
k1/2,
where V˜ is the volume of the crystal, and
α =
D2m2
8piρ~3s
is the dimensionless electron-phonon interaction constant where D is the deformation potential
and ρ the mass density of the crystal. The operators pˆ and rˆ stand for the electron momentum
and position coordinate quantum operators, satisfying the usual commutation relations
2
[pˆi, rˆj ] = −i~δij ,
and the operators b+
k
, bk, satisfying the usual commutation relations
[bk, b
+
k′
] = δkk′ , [bk, bk′ ] = 0,
are Bose operators of creation and annihilation of acoustical phonons of energy ~ωk and wave
vector k.
In the following it will be convenient to express the energies in units of 2ms2, the lengths
in units of ~/2ms and the phonon wave vectors in units of 2ms/~ so that all variables will be
dimensionless. In this units the model (1) takes the form
(2) H = pˆ2 +
∑
k
kb+
k
bk +
∑
k
Vk
(
b+
k
e−ikrˆ + bke
ikrˆ
)
,
with
Vk = 2
(
4piα
V
)1/2
k1/2,
where V is dimensionless volume. In the course of the calculations the sum over the phonon
vectors
∑
k
will be replaced finally by the integral V/(2pi)3
∫
dk. In this paper the so-called
continuum polaron model (i.e. ”large polaron”) is considered. But a finite cutoff at k0, the
boundary of the first Brillouin zone in the phonon wave vector space, is introduced to account
for the discreteness of the crystal lattice. As usual, k0 ∼ 1/a, i.e. the inverse of the lattice
constant.
2. Acoustical polaron ground state energy
It is known that the polaron total momentum
Pˆ = pˆ+
∑
k
kb+
k
bk
is a constant of the motion and commutes with the Hamiltonian (1). Therefore, it is possible to
transform the Hamiltonian to the representation in which Pˆ becomes a ”c”-number by means
of the unitary transformation
H → H˜, H˜ = S−1HS, S = exp(−i
∑
k
krˆb+
k
bk),
so that
H˜ = (pˆ−
∑
k
kb+
k
bk)
2 +
∑
k
kb+
k
bk +
∑
k
Vk
(
b+
k
+ bk
)
,
or
3
(3) H˜ = (P−
∑
k
kb+
k
bk)
2 +
∑
k
kb+
k
bk +
∑
k
Vk
(
b+
k
+ bk
)
,
in the pˆ - representation where Pˆ becomes a quantum ”c”-number P, the value of the polaron
total momentum, and the Hamiltonian (3) no longer contains the electron coordinates. Another
unitary transformation
H˜ →H(f), H(f) = U−1H˜U, U = exp{
∑
k
fk(b
+
k
− bk)},
provides us with the Hamiltonian
H(f) =
(
P−
∑
k
k(b+
k
+ fk)(bk + fk)
)2
+
+
∑
k
kb+
k
bk +
∑
k
[kfk + Vk](b
+
k
+ bk) + 2
∑
k
Vkfk +
∑
k
k2f2k,(4)
or, in a much more convenient albeit equivalent form,
H(f) = H0(f) +H1(f),
where
H0(f) = P 2 +
∑
k
kb+
k
bk + (
∑
k
kb+
k
bk)
2 − α′,
H1(f) =
∑
k
[(k + k2)fk + Vk](b
+
k
+ bk) + 2
∑
km
(k ·m)fkfmb+k bm +
+
∑
km
(k ·m)fkfm(b+k b+m + bkbm) + 2
∑
km
(k ·m)fk(b+mbmbk + b+k b+mbm)−
−2
∑
k
(P · k)(b+
k
+ fk)(bk + fk) +
+2
∑
km
(k ·m)f2mb+k bk + 2
∑
km
(k ·m)f2m(b+k + bk) +
∑
km
(k ·m)f2mf2k,(5)
and
−α′ = 2
∑
k
Vkfk +
∑
k
(k + k2)f2k + (
∑
k
f2kk)
2,
which is just the sole Hamiltonian to be treated further on.
The ultimate goal is to find the lowest eigenvalue Eg(α,P, k0) of this Hamiltonian correspond-
ing to the ground state energy of the slow-moving polaron for a given total polaron momentum
P. Then, the function Eg(α,P, k0) could be expanded in powers of P as
Eg(α,P, k0) = Eg(α, 0, k0) +
P 2
2meff
+O(P 4),
4
where Eg(α, 0, k0) is the ground state energy of the polaron at rest and the coefficient meff can
be interpreted as the polaron effective mass. In general spatially anisotropic case, the so-called
inverse mass tensor
(
1
meff
)
ij
=
∂2E(α,P, k0)
∂Pi∂Pj
∣∣∣∣∣
P=0
must be introduced instead of the scalar effective mass parameter meff .
Extensive work has already been done to evaluate E(α,P, k0) directly through conventional
perturbational calculations or to find upper bound estimates for its value by means of multi-
tudinous variational methods. These approaches are beyond the scope of this work. It is only
worth mentioning that, as a rule, perturbational schemes does not provide one with reliable er-
ror bound estimates whilst the quality of upper bounds derived by variational methods depends
mostly on the choice of proper trial states in any particular case and, being this way, these
bounds cannot be improved significantly, not to say infinitely, step by step, through any regular
scheme of calculations.
The purpose of the present research is to show that infinitely improvable upper bounds for the
ground state energy E(α,P, k0) can be obtained by generalized variational method formulated
for the first time in [11] and later in [13] in a different context.
3. Generalized variational method
It was proved in [11] following ideas outlined in [12], and also found later in [13] by a different
approach, that for a quantum system represented by some Hamiltonian Hˆ and any normalized
trial state |ψ〉, such that 〈ψ|ψ〉 = 1,
Eg ≤ min(a(n)1 , ..., a(n)n ) ≤ 〈ψ|Hˆ |ψ〉,
where the ordered by increase real numbers (a
(n)
1 , ..., a
(n)
n ) are the roots of the n-th order poly-
nomial equation
Pn(x) =
n∑
i=0
Xix
n−i = 0,
whereby X0 ≡ 1 and all the other coefficients Xi, 1 ≤ i ≤ n are provided by the system of n
linear equations
MX+Y = 0,
with
Yi =M2n−i, Mij =M2n−(i+j), i, j = 1, 2, ...n,
and
5
Mm = 〈ψ|Hˆm|ψ〉.
It is assumed that all moments Mm are finite. Moreover, it was proved that a limit exists
Eg = lim
n→∞
min(a
(n)
1 , ..., a
(n)
n ),
and the following inequality holds
min(a
(n+1)
1 , ..., a
(n+1)
n+1 ) ≤ min(a(n)1 , ..., a(n)n ).
For example, at the first order
Eg ≤ a(1)1 , a(1)1 = 〈ψ|Hˆ |ψ〉,
and at the second order
(6) Eg ≤ min(a(2)1 , a(2)2 ) = 〈ψ|Hˆ |ψ〉+
K3
2K2
−
[(
K3
2K2
)2
+K2
]1/2
,
a
(2)
1 = 〈ψ|Hˆ |ψ〉 +
K3
2K2
−
[(
K3
2K2
)2
+K2
]1/2
,
a
(2)
2 = 〈ψ|Hˆ |ψ〉 +
K3
2K2
+
[(
K3
2K2
)2
+K2
]1/2
,
where K2 and K3 are the central moments
K2 = 〈ψ|(Hˆ − 〈ψ|Hˆ |ψ〉)2|ψ〉, K3 = 〈ψ|(Hˆ − 〈ψ|Hˆ |ψ〉)3|ψ〉.
It is obvious that the second order upper bound (6) would lie below the first order upper bound
for most physically relevant quantum models and most reasonable choices of the trial state |ψ〉.
Moreover, if 〈ψ|Eg〉 6= 0 , then limn→∞min(a(n)1 , ..., a(n)n ) = Eg.
Additionally, an excitation gap, should there happen to be any discernable one in the spec-
trum, can be approximated at the n-th order by the difference
Gn = a
(n)
2 − a(n)1 .
4. Infinitely improvable upper bounds for acoustical polaron at rest
For P = 0, the function fk is spherically symmetric, and the canonically transformed Fro¨hlich
polaron model (4) can be written down as
6
H(f) =
∑
k
kb+
k
bk + (
∑
k
kb+
k
bk)
2 − α′ +
+
∑
k
[(k + k2)fk + Vk](b
+
k
+ bk) + 2
∑
km
(k ·m)fkfmb+k bm +
+
∑
km
(k ·m)fkfm(b+k b+m + bkbm) + 2
∑
km
(k ·m)fk(b+mbmbk + b+k b+mbm).
Let us choose phonon vacuum state |0〉 as a trial state |ψ〉 for H(f), so that inequality
Eg(α, 0, k0) ≤ 〈0|H(f)|0〉 = 2
∑
k
Vkfk +
∑
k
(k + k2)f2k
holds, the right-hand side of which is minimized by
fk = −Vk/(k + k2),
and, eventually,
(7) Eg(α, 0, k0) ≤ EW (α, 0, k0) = −4α
pi
[
2 ln[1 + k0] + k
2
0 − 2k0
]
.
The bound (7) is precisely the upper bound derived in [14, 15] by the Feynman path-integral
method (note that different units of the energies, lengths and wave vectors were employed in [15]).
Though this bound holds formally for arbitrary strength of the electron-phonon interaction, it
is, actually, the second order perturbation-theory result valid in the weak-coupling limit. In
order to derive better upper bounds at higher orders of generalized variational method it is only
necessary to calculate moments 〈0|Hm(f)|0〉 for sufficiently large integer exponents m. This can
be easily accomplished by means of the Wick theorem. The resulting multitudinous products of
integrals of the kind
(8)
∫ kD
0
kpdk
(k + k2)q
, p, q − non-negative integers,
can be evaluated analytically wherever necessary as well as all the concomitant integrals over
the angular variables of the corresponding wave vectors.
At the second order variational approximation (6)
Eg(α, 0, k0) ≤ Evar = −4α
pi
[
2 ln[1 + k0] + k
2
0 − 2k0
]
+
K3
2K2
−
[(
K3
2K2
)2
+K2
]1/2
,(9)
where
K2 =
128α2
3pi2
F 21 (k0),(10)
7
K3 =
256α2
3pi2
F1(k0)F2(k0) +
4096α3
9pi3
F 33 (k0),(11)
F1(k0) =
[
−k0 + k
2
0
2
+ 3 ln(1 + k0) +
1
1 + k0
− 1
]
(12)
F2(k0) =
[
3k0 − k20 +
k30
3
− 4 ln(1 + k0)− 1
1 + k0
+ 1
]
(13)
F3(k0) =
[
−4k0 + 3k
2
0
2
− 2k
3
0
3
+
k40
4
+ 5 ln(1 + k0) +
1
1 + k0
− 1
]
(14)
It is instructive to compare this bound with the bound obtained in [15] in the strong-coupling
limit
ESC = −8α
3pi
k30 + 2
√
2
[
3α
5pi
]1/2
k
5/2
0 .(15)
It is argued in [15], that the strong coupling region is defined by the condition α >> 15pi/32k0.
Bounds (7), (9) and (15) are plotted as functions of α in Figs.1-4. for k0 = 0.5, k0 = 1, k0 = 2
and k0 = 3. It is seen that for relatively small values of the cut-off wave vector k0 the bound
Evar is much lower than the two other bounds for the whole region of the interaction strength
α. As k0 increases, the bound Evar approaches the weak-coupling limit bound EW from below
for any fixed value of α. It seems that such asymptotic behavior of the variational bound Evar
is typical for other polaron models too, for example, for the ”physical” Fro¨hlich polaron model
[16]. Therefore, to obtain better bounds for larger values of k0, calculations at higher orders of
the generalized variational method are to be carried out.
5. Infinitely improvable upper bounds for slow-moving acoustical polaron
The same trial state |0〉 can be employed in general case P 6= 0 leading to inequality
Eg(α,P, k0) ≤ 〈0|H(f)|0〉 = P 2 + 2
∑
k
Vkfk +
∑
k
(k + k2)f2k − 2
∑
k
(P · k)f2k + (
∑
k
f2kk)
2,
the right-hand side of which is minimized by
fk = −Vk/[k − 2k ·P(1 − η) + k2],
where η is defined self-consistently by the equation
ηP =
∑
k
f2kk =
∑
k
V 2k k/[k − 2k ·P(1 − η) + k2]2,
or, alternatively, by
8
ηP 2 =
∑
k
V 2k k ·P/[k − 2k ·P(1− η) + k2]2.
The resulting upper bound
Eg(α,P, k0) ≤ P 2(1− η)2 −
∑
k
V 2k
k + k2 − 4k ·P(1− η)
[k − 2k ·P(1 − η) + k2]2(16)
is similar to the bound obtained in [17]. A compromise choice
fk = −[Vk + 2ηk ·P]/[k − 2k ·P+ k2],(17)
eliminating all terms linear in Bose operators b+
k
, bk in (4), is equally possible too, with the
corresponding self-consistency equation for η
ηP 2 =
∑
k
f2kk =
∑
k
k ·P[Vk + 2ηk ·P]2/[k − 2k ·P+ k2]2,
which can be solved analytically. At the same time, the simplest choice
fk = −Vk/(k + k2)
seems to be the choice of preference, because the technicalities of calculation of arbitrary order
moments 〈0|Hm(f)|0〉 for this choice are exactly the same as they were in the case P = 0, i.e.
based on the Wick theorem exclusively and without involvement of any integrations over wave
vectors more complicated and laborious than the integration (8). Also, due to spherical sym-
metry of this choice, several terms in the Hamiltonian (5) disappear, thus making calculations
at higher orders of the applied variational method less laborious.
6. Summary
It was shown that ground-state energy function Eg(α,P, k0) of the slow-moving acoustical
polaron can be approximated from above by infinite convergent sequence of upper bounds appli-
cable for arbitrary values of the electron-phonon interaction strength α, polaron total momentum
P and limiting wave vector k0. These bounds are provided by the generalized variational method.
Then, various experimentally observable polaron characteristics of practical interest can be de-
rived from these bounds. The proposed algorithm for the construction of the upper bounds is
well suited for implementation by means of modern programming and computational environ-
ments destined for seamless fusion of analytical and numerical computation within the same
application, such as, for example, Mathematica or Maple. The usage of the parallel computing
techniques is advisable and would be highly advantageous, too, due to the intrinsic nature of the
algorithm heavily relying on the Wick theorem and recursion relations for massive analytic in-
tegrations over wave vectors. Actually, when calculating each subsequent moment 〈0|Hm(f)|0〉,
one has to calculate anew only the contributions stemming from the connected graphs, because
9
all other contributions have already been calculated at the previous stages of the calculations.
For example,
〈0|H3(f)|0〉 = 〈0|H(f)|0〉3 + 3〈0|H(f)|0〉〈0|H2(f)|0〉+ 〈〈0|H3(f)|0〉〉,
where 〈〈...〉〉 stands for the connected part. The proposed approach is in no way limited to
the acoustical polaron model considered above. It is rather universal and, being so, applicable
without any major alterations to a broad range of polaron models of all sorts, including those
ones concerned with manifestations of various polaron-like phenomena in quantum systems of
lowered dimensions, such as quantum wells, wires and dots, with or without external electric
and/or magnetic fields.
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Figure 1. Upper bounds: Evar,
solid line; EW , dashed line; ESC ,
dash-dotted line; k0 = 0.5.
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Figure 2. Upper bounds: Evar,
solid line; EW , dashed line; ESC ,
dash-dotted line; k0 = 1.
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Figure 3. Upper bounds: Evar,
solid line; EW , dashed line; ESC ,
dash-dotted line; k0 = 2.
11
0 1 2 3 4 5 6 7 8 9 10
−180
−160
−140
−120
−100
−80
−60
−40
−20
0
20
α
En
er
gy
Figure 4. Upper bounds: Evar,
solid line; EW , dashed line; ESC ,
dash-dotted line; k0 = 3.
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